We study the dynamics of the geometric entanglement entropy of a 2D CFT in the presence of a boundary. We show that this dynamics is governed by local equations of motion, that take the same form as 2D Jackiw-Teitelboim gravity coupled to the CFT. If we assume that the boundary has a small thickness ǫ and constant boundary entropy, we derive that its location satisfies the equations of motion of Schwarzian quantum mechanics with coupling constant C = cǫ/12π. We rederive this result via energy-momentum conservation.
Introduction
It has been known for some time that there is a deep connection between the equations of motion of gravity and the dynamical properties of entanglement [1] . This connection was recently used to identify the quantum null energy condition (QNEC) as a pure QFT result, by taking a G N → 0 decoupling limit of a corresponding dynamical property of semi-classical general relativity [2, 3] . The QNEC gives a bound on the change in entanglement entropy in terms of the energy-momentum flux. However, there are indications that, in rather general settings, this inequality may in fact be saturated and reduce to the first law of entanglement thermodynamics [4, 5] .
In this note, we study this connection in the context of 2D CFT with a boundary. We show that the first law of entanglement thermodynamics in this set-up takes the same form as the equations of motion of 2D JackiwTeitelboim (JT) gravity [6, 7] , and discuss the relation with the 2D QNEC. The equations that establish the entropic interpretation of JT gravity are not new. However, by viewing them from a bottom-up perspective (we don't take gravity as input but aim to obtain it as output) gives rise to a new derivation of JT gravity and of Schwarzian quantum mechanics [8] [9] [10] [11] [12] from purely entropic considerations.
Consider a 2D CFT with central charge c ≫ 1 defined on the u, v plane in the presence of a boundary located at Boundary = {u = v ≡ t}.
(
Due to the presence of the boundary, we can associate to a given point (u, v) a space-like interval between the point and the boundary, as indicated by the green line, and its space-like complement, indicated by the red line. Let ρ (u,v) denote the density matrix of the CFT on the red half line, obtained by tracing out the green segment. From ρ (u,v) , we extract the entanglement entropy S(u, v) and modular Hamiltonian K(u, v) via with Z(u, v) = Tr(e −K(u,v) ). Both quantities are local, in the sense that they are functions of a single space-time point (u, v). They are related via
Since δF = δK under infinitesimal variations of the state, we deduce the first law of entanglement thermodynamics
where the variation acts only on the expectation value.
JT gravity from entanglement
We now show that, for a general class of states defined below, the entropy S(u, v) and modular Hamiltonian K(u, v) satisfy the same local equations of motion as Jackiw-Teitelboim gravity.
We introduce a second coordinate system (x
that leaves the location of the boundary (1) fixed at x + = x − . Hence the conformal transformation is parametrized by a single reparametrization mode along the boundary
Now consider the class of states of the form |Ψ = a few operators acting on |0 x |0 x = vacuum in x ± coordinate system.
We assume that the operators create only low energy excitations. The vacuum state |0 x depends on the distinction between positive and negative frequencies, and thus depends on the choice of coordinates. Expectation values with respect to |0 x are equal to the CFT path integral with corresponding asymptotic vacuum boundary conditions. The entanglement entropy S(u, v) associated to the state |Ψ on the red half-line in Figure 1 bounded by the point (u, v) can be decomposed into a vacuum contribution and a first order correction
The vacuum term is the leading contribution for large central charge c, and takes the form [13, 14] 
where ǫ is the UV cutoff in (u, v) coordinates with standard Minkowski metric ds 2 = −dudv. Here we take it as fact that the vacuum entanglement entropy of the red half line and green segment in Figure 1 are both equal [27] .
A first link with JT gravity relies on the identification of the rescaled entropỹ
with the conformal mode of a constant curvature metric
with uniformizing coordinates (x + , x − ). In (10) we also applied a constant shift to replace the UV cut-off by some finite length scale ℓ, so that the rescaled vacuum entanglementS0 satisfies the Liouville equation of motion [15] 
with finite cosmological constant. The vacuum state |0 x and the metric (11) share the same global isometries. We identify the vacuum contribution S 0 to the entropy with the free energy term F (u, v) in equation (4) . We thus define the modular Hamiltonian such that its vacuum expectation value vanishes. The subleading term
is the contribution to the entanglement entropy due to the variation away from the vacuum state. Here ... denotes the expectation value with respect to |Ψ . We will now show that S 1 (u, v) satisfies the same equation of motion as the dilaton field in JT gravity. In a 2D CFT, the modular Hamiltonian of a vacuum state |0 x is given by the generator of time evolution along the Killing vector of the constant curvature metric (11) that leaves the point (u, v) fixed. This modular flow is indicated by the blue lines in Figure 1 . The modular Hamiltonian takes the form [16] 
Here T ±± denotes the CFT energy-momentum tensor in (x
coordinates. It is related to the energymomentum tensor in (u, v) coordinates via
The first term on the r.h.s. in (15) denotes the vacuum contribution, which for large c dominates over the second term. The modular Hamiltonian depends only on the second, subleading term.
The modular Hamiltonian (14) satisfies the second order differential equation
Here the covariant derivative is taken with respect to the constant curvature metric (11) . Via the first law of entanglement thermodynamics (13), we thus deduce that S 1 (x) also satisfies a second order differential equation
The above two equations for K(x) and S 1 (x) are identical to the equations of motion of the dilaton in JT gravity. So by identifying K(x) with the quantum dilaton field operator, and S 1 (x) with its semi-classical expectation value, we have now derived JT gravity from pure entanglement dynamics in 2D CFT. The diagonal JT equations
are also satisfied. For a Rindler modular Hamiltonian, the local relation between its second derivative and the stress tensor was already observed in [17] and [4] . Some further comments are in order. 1. Equations (18), (15)- (16) together with (9) combine into the first order variation, in the perturbation away from the vacuum, of the following non-linear equation for the total entropy S = S 0 + S 1
or equivalently, the following non-linear equation for S 1
Notice that (20) looks like the Liouville energymomentum tensor in flat (u,v) coordinates, while the linearized equation (21) looks like a covariant equation in the constant curvature metric (11) . Hence the effective background metric (11) arises due to the linearization around a given vacuum entropy S 0 . 2. Equation (21) and its linearized approximation (18) coincide with the saturation limit of the 2-dimensional QNEC [2, [18] [19] [20] . The QNEC depends on a choice of affine parameter along a null surface, which in turn is linked to a choice of (local) vacuum state and a choice of metric. For the CFT vacuum state at hand, this metric is given by the constant curvature metric (11) . The form of the metric is fixed by the requirement that it must be symmetric under the Möbius group x ± → ax ± +b cx ± +d . 3. The linearized equation (18) has a more general solution [21] , which includes an extra zero mode
proportional to a constant δC with dimension of length. This extra term looks unfamiliar from a 2D CFT perspective, as it appears to break Möbius invariance. However, we can interpret it as the result of a small misalignment between the location of the boundary and the x-coordinates that fix the vacuum state |0 x : performing an infinitesimal coordinate shift
in the expression (9) for the vacuum entanglement entropy S 0 produces an extra term of the same form as the zero mode in (22) with
The negative sign in (22) means that we are removing a small amount of entropy by shifting the boundary inward.
In the next subsection, we will make use of this observation to derive the position dependence of the boundary effective action.
Let us summarize. We have derived the JT equations from pure CFT considerations. In particular, we did not use or establish an action principle based on a dilaton gravity action. We could decide, however, to summarize the entanglement dynamics of 2D CFT in terms of an effective action. This action would then take the JT form
via the identification between the leading and subleading contribution S 0 and S 1 to the entanglement entropy with respectively the scale factor (10) of the metric (11) with curvature R, and the dilaton
Note that JT gravity has no physical degrees of freedom: its equations of motion (18) are imposed as gauge constraints that define S 1 as a collective mode of the CFT.
Entropic derivation of Schwarzian QM
The boundary (1) has a fixed location in (u, v) coordinates. In x-coordinates, its location is specified by a single function τ (t) of time (7) . A priori, one would think that we should be free to choose the x-coordinates and τ (t) in any way we want. However, the boundary introduces a non-trivial coupling between the left-and right-moving sector of the CFT. So we can not arbitrarily choose the local CFT vacuum state |0 x , since the left-and right-moving vacuum conditions are correlated via reflection at the boundary. We want to derive equations that specify this correlation.
We will show that the effective 1D theory for the boundary trajectory is given by Schwarzian QM. We will give two independent derivations: one based on entropy and one based on energy-momentum conservation. Both derivations require one additional physical input: we will assume that the boundary has a small but finite thickness ǫ, as indicated in Figure 2 by the dashed blue line. The boundary is a straight line (u, v) = (t + ǫ, t − ǫ) in the original (u, v) coordinates. One can think of ǫ as a UV regulator. The (x + , x − ) coordinates at the cut-off location satisfy
The vacuum entanglement entropy S 0 in (9) identically vanishes along the boundary
up to terms of order ǫ 2 . We can view this condition as the definition of the boundary location. Note that this condition introduces a length scale, and thus explicitly breaks 2D conformal invariance. We should thus expect that the boundary reparametrization mode τ (t) will become a dynamical 'pseudo-goldstone mode'. We want to derive its effective action.
We will think of the cut-off length scale ǫ as a Wilsonian RG scale, introduced by integrating out the UV degrees of freedom very close to the boundary. Following this intuition, we will derive the explicit form of the boundary effective action by considering the effect of a small variation ǫ → ǫ + δǫ in the cut-off scale. This variation amounts to moving the location of the dynamical boundary in equation (27) by a small amount 2δǫτ (t). From this, one directly verifies that the cut-off variation preserves the condition (28) . Hence it looks like the vacuum entanglement entropy transforms trivially under the RG flow. However, thus far we have only done the trivial part of the full RG step, i.e. change the size of our measuring stick.
The non-trivial part of the RG step involves integrating out the CFT degrees of freedom inside the small extra boundary layer δǫ. Here by 'integrating out' we do not mean 'tracing over' but 'remove and project all degrees of freedom that were entangled with the small boundary layer onto a pure state'. This step is reminiscent of cMERA [28] . This way, we ensure that the whole system remains in a pure state. We propose that this RG step can be accounted for by applying the active coordinate shift (23) in the expression (9) for the vacuum contribution to the entanglement entropy. This adds the extra zero mode term (22) to the S 1 contribution of the entropy, with δC given in (24). As mentioned above, this contribution is negative because, by projecting out the boundary layer, we are removing entanglement. The total amount of removed entanglement entropy δS b (t) is equal to the value of S 1 (u, v) at the cut-off location
We now adopt the adiabatic postulate that the total removed entropy is constant in time. In other words, we assume that the entropy in-and out-flux at the boundary is negligible compared to the energy flux. We will see that the natural value for this constant boundary entropy is
The sign of the boundary entropy indicates that it accounts for the removal of boundary degrees of freedom within δǫ. The derivation of the Schwarzian action is now identical to [8] . We summarize the main steps. Inserting the parametrization (27) into the explicit form (22) of the entanglement entropy S 1 gives
We assume that the boundary layer has a finite effective thickness ǫ, as indicated by the blue dashed line.
The first of these equations implies that the boundary trajectory satisfies the first order differential equation
In the vacuum state I ± (t) = 0 and this equation reduces toτ (t) = 1. The condition that τ = t in the vacuum fixes the identification (30). Using that d 3 I ± /dτ 3 = 4π T ±± , we can write (33) in local form as a fourth order differential equation
Here we added the subscripts to indicate that the expectation values on the right-hand side are defined in the theory with boundary cut-off ǫ. Equation (34) can be recognized [8] as the equation of motion of a 2D CFT coupled to the Schwarzian action
with coupling δC. Here S ǫ CFT denotes the CFT effective action with boundary cut-off ǫ, defined such that its stress tensor is given by T ±± ǫ . We view the identity (35) as an RG equation for the CFT effective action S ǫ CFT with cut-off ǫ. Integrating with respect to ǫ, we deduce that the full effective action of the boundary trajectory is given by the Schwarzian action
with coupling constant
At the level of equations, the above derivation of the Schwarzian action is not new. The new observation is in the arrow of implication -the viewpoint that Schwarzian dynamics can be derived from purely entropic considerations. We will further comment on the meaning of equation (36) in the concluding section.
Energy-momentum conservation
We will now rederive the boundary effective action (36) from energy-momentum conservation. It will be convenient to define the boundary coordinate τ (t) as the proper length along the boundary dx dτ
For small ǫ, this definition of τ (t) is consistent with equation (27) . We assume that the CFT boundary state satisfies perfectly reflecting Ishibashi boundary conditions in (u, v) coordinates, so that T uu = T vv . In terms of x-coordinates, this reflection condition contains an extra contribution from the conformal anomaly
which can be thought of as the stress-energy carried by the Unruh radiation that is produced by the moving mirror trajectory specified by (x + (τ ), x − (τ )). The reflecting CFT modes and the Unruh radiation produce a force F on the boundary, which needs to be taken into account. This force F must be perpendicular to the trajectory
to preserve the proper time condition (38). An explicit expression for F , consistent with the two conditions (39) and (40), was found in [22] 
The first term on the r.h.s. represents the force due to the classical reflection of the CFT modes; the second term is a quantum recoil effect due to the Unruh radiation. The above formula holds for arbitrary boundary trajectories. We can represent the recoil effect of the Unruh modes as an extra term in the CFT effective action [22] 
One easily verifies that the variation of the above effective action produces the extra recoil term in the equation of motion (40)-(41). Note that both are conformal invariant. The action (42) is closely related to the so-called Bott cocycle of the Virasoro group [23] .
As before, we now introduce a scale ǫ by assuming that the boundary trajectory is restricted to take the form (27) . Upon inserting (27) , the effective action (42) and its equations of motion (40) 
Finite temperature
It is instructive to consider the system at finite temperature T = 1/β. In this case, the leading order contribution S 0 (u, v) to the vacuum entanglement entropy across the point (u, v) is given by
which via (10)-(11) again defines a constant curvature metric. To extract the first order contribution to the vacuum entropy S 1 (x), we again perform a small coordinate shift x ± → x ± ∓ δǫ which induces a variation S 0 (x) → S 0 (x) + S 1 (x) in the leading order vacuum entropy, with
with δC given in (24) . The profile (44) of S 1 (x) coincides with the dilaton profile in JT gravity in a black hole background. We interpret S 1 (x) as the entanglement entropy between the extra boundary layer with thickness δǫ and the CFT modes in the region to the left of the point (x + , x − ). The negative sign means that this entropy is removed in the RG step from ǫ → ǫ + δǫ.
The total thermal entropy of the boundary layer is found by taking the limit x + − x − → ∞ in equation (44) and integrating the result with respect to the cut-off
This thermal entropy appears with a minus sign in S 1 (x), since it gets subtracted in the RG step. The middle expression coincides with the thermal entropy of the Schwarzian [12] ; the expression on the right equals the thermal entropy of a 2D CFT of central charge c on an interval of width ǫ. This result is consistent with the interpretation of Schwarzian QM as the effective 1D theory of a small boundary layer of a 2D CFT at large central charge [24] .
Concluding comments
We have shown that, in a 2D CFT with a boundary, the entanglement entropy S(u, v) and modular Hamiltonian K(u, v) associated with a point (u, v) in the bulk, as shown in Figure 1 , satisfy local equations of motion that take the same form as those of Jackiw-Teitelboim dilaton gravity coupled to the CFT. In the bulk, the dilaton profile is fixed by the gauge constraints and the coupling to JT gravity does not modify the CFT dynamics. Rather, the equations of motion of JT gravity merely dictate the identification of the dilaton with the collective mode S 1 (u, v) = K(u, v) of the CFT.
We derived the effective equations of motion of the boundary via entropy considerations and energymomentum conservation, and found that they coincide with those of Schwarzian QM with coupling constant C = c ǫ 12π , with ǫ the distance between the dynamical boundary and the AdS 2 boundary. These equations of motion (34) can be read in two ways: (i) as determining the boundary trajectory in terms of the incoming and outgoing energy-momentum flux, or equivalently, (ii) as determining the outgoing energy-momentum flux for a given boundary trajectory and incoming energymomentum flux. In the first interpretation, we can view the boundary trajectory τ (t) as an effective low energy degree of freedom produced by the CFT dynamics. Our result that its dynamics is governed by the Schwarzian action can be used to derive the Lyapunov behavior of the CFT, similar to [25] .
